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Abstract 

It is shown that Lorentz invariance implies that in general flavor neutrinos in os- 
cillation experiments are superpositions of massive neutrinos with different energies 
and different momenta. It is also shown that for each process in which neutrinos are 
produced there is either a Lorentz frame in which all massive neutrinos have the same 
energy or a Lorentz frame in which all massive neutrinos have the same momentum. In 
the case of neutrinos produced in two-body decay processes, there is a Lorentz frame 
in which all massive neutrinos have the same energy. 



Neutrino oscillations is one of the most interesting phenomena under investigation in high- 
energy physics. It gives information on neutrino masses and mixing, that are fundamental 
ingredients for the understanding of the Standard Model and its possible extensions. 

The theory of neutrino oscillations has been studied by many authors, starting from 
Pontecorvo's pioneering works 0, [3], |J, going through the classical works of the 70's 
H H) 0' an d the introduction of the wave packet description || [K| [Ll], [12|], continuing 
until today with several new developments (see |]T3[ and references therein). 

In neutrino oscillation experiments flavor neutrinos, produced and detected in weak in- 
teraction processes, are described by the flavor states \u a ), with a = e,fi,r, which are su- 
perpositions of the states of neutrinos with definite mass (see |L4], [15], [16], [H] and references 
therein) : 
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where U is the mixing matrix of the neutrino fields {y a = Ylk u k) an d the index k = 
1,2,... labels the neutrino with mass m^. Neutrino oscillations are due to the different phase 
velocities of different massive neutrinos, leading to the transition probability 
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where pk and Ek are the momentum and energy of the neutrino with mass rrik and L and T 
are the space and time intervals between neutrino production and detection. An important 
characteristic of the transition probability (|2]) is its manifest Lorentz invariance. Indeed, 
different observers must measure the same flavor transition probability. 

One of the problems under debate is the determination of the mass dependence of the 
momenta and energies, pk, Ek, of massive neutrinos in the transition probability (||). In 
the classical works of the 70's || |7|, it was assumed that the massive neutrinos have a 
common momentum, Pk = P, and different energies given by 
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The approximation is due to the extreme relativistic character of detectable neutrinos, which 
implies also that T ~ L, leading to the standard expression 
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for the probability of v a — > v$ transitions as a function of the source-detector distance L 
measured in real experiments. 
As discussed in 
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Here Am^ = m\ — m 2 -. 



and references therein, formally it is possible to derive the transi- 
tion probability (§J) also assuming that the massive neutrinos have a common energy. This 
assumption has the advantage to avoid the approximation T ~ L in the derivation of the 
transition probability (§) as a function of the distance L from the probability (§), which 
depends also on the time interval T that is not measured in oscillation experiments. 
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However, it is well known JTR ITT], O, [IT]] that the assumption of equal momentum or 



equal energy is not necessary for the derivation of the neutrino oscillation probability (f|) , and 
actually it may be incompatible with energy-momentum conservation in the process in which 
neutrinos are produced. In general energy-momentum conservation in the production process 
implies that different massive neutrinos have different momenta, Pk, as well as different 
energies, E^, related by the relativistic dispersion relation 

K =pt + ml (5) 



Nevertheless, some authors (19]. f20], |2T| claim that there is one correct assumption: equal 
energy 

Here we present a simple argument that shows that the equal energy assumption, as 
well as the equal momentum assumption, in general do not correspond to reality: Lorentz 
invariance implies that even if different massive neutrinos have the same energy (momentum) 
in one Lorentz frame, they have different energies (momenta) in all the other frames boosted 
along the neutrino propagation path. 

Indeed, let us assume for example that in a Lorentz frame S different massive neutrinos 
have the same energy: 

E k = E, (6) 

independent from the mass index k. In this frame the momenta of the massive neutrinos are 
given by 

Pk = yjB^-ml^E- r ^. (7) 

Therefore E is the momentum of a massless neutrino, equal to its energy. Since in oscil- 
lation experiments neutrinos propagate along a macroscopic distance between production 
and detection, we will consider in the following only one spatial direction along the neutrino 
path. 

In another Lorentz frame S' with velocity v with respect to S along the neutrino path 
the energy of the k th massive neutrino is 
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where 
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is the energy of a massless neutrino in 5". The difference between the energies of the k th and 
j th massive neutrinos is 
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For relativistic velocities (v ~ 0.1 — 1), the energy difference is of the same order as the 
momentum difference, 
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Therefore, it is clear that in the Lorentz frame S' the energies of different massive neutrinos 
are different and the equal energy assumption is untenable. 
For example, let us consider the simple case of pion decay, 

7T + ->M + + ZV (12) 

For the sake of illustration, let us consider the equal energy assumption to be valid for pion 
decay at rest, even if this assumption is incompatible with energy- momentum conservation 
||18|| . Then S is the Lorentz frame in which the pion is at rest. 

Many experiments measure the oscillations of neutrinos produced by pion decay in flight. 
These are short and long baseline accelerator experiments and atmospheric neutrino exper- 



iments (see |16[ for a review). The energy of the pions goes from a few hundred MeV (for 



example in the short baseline accelerator experiment LSND |22|]) to hundreds of GeV (for ex- 
ample in the upward-going events measured in the Super-Kamiokande atmospheric neutrino 
experiment P5[). 

It is clear that even if the equal energy assumption is valid for pion decay at rest, it cannot 
be valid even approximately in the case of short and long baseline accelerator experiments 
and atmospheric neutrino experiments. Indeed, considering for example a neutrino emitted in 
the forward direction by a pion decaying in flight with energy E n ~ 200 MeV, the laboratory 
frame S' is boosted with respect to the frame S in which the pion is at rest by a velocity 
v ~ 0.71, which gives 

2.4, -^—-3.4. (13) 
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From Eqs.( |l0|) and (|TT| ) one can see that the energy and momentum difference between 
different massive neutrinos is of the same order of magnitude. Obviously, increasing the pion 
energy, the energy and momentum differences increase and tend to the same limit. 

Let us emphasize that one would obtain the same result choosing another Lorentz frame 
in which the energies of different massive neutrinos are assumed to be equal: from Lorentz 
invariance the equal energy assumption cannot be simultaneously valid for all neutrino os- 
cillation experiments in which neutrinos are produced by pion decay and it cannot be even 
valid in one experiment in which the decaying pion have a spectrum of energies (as always 
happens in practice). 

Another obvious problem of the equal energy assumption, as well as the equal momentum 
assumption, is the arbitrariness of the choice of the Lorentz frame in which it is valid, which 
is not based on any physical argument. 

Let us discuss now the effect of energy- momentum conservation in the production process 
on the energies and momenta of different massive neutrinos. In the wave-packet description of 
neutrino oscillations energy-momentum conservation in the production process is compatible 



with the localization in space and time of the production process |TT], [L2], |24], |25| . For 
example, in pion decay the pion is described by a localized wave packet. The average energy 
and momentum of the pion wave packet determines the average energies and momenta of 
the different massive neutrinos through energy-momentum conservation and the size of the 
pion wave packet determines the sizes of the neutrino wave packets. 

Since all detectable neutrinos are extremely relativistic, only the first order approximation 
in the mass contribution to the energies and momenta of the different massive neutrinos 
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is relevant. At zeroth order in the mass contribution all neutrino masses are considered 
negligible and all energies and momenta of massive neutrinos in a Lorentz frame S are equal: 
Pk = Ek = E. The value of E is determined by energy-momentum conservation in the 

production process. For example, in pion decay at rest E = ^ (l — ^-J ~ 30MeV. 

Since the energy E k and momentum pj, of the k th massive neutrino are related by the 
relativistic dispersion relation (||), the first order corrections to the equalities pk = E k = E 
depend on the square of the neutrino mass. In general, energy-momentum conservation in a 
Lorentz frame S implies that 

Pk^E-^, (14) 

where £ is a quantity that depends on the production process. For example, in pion decay 
at rest £ = | fl + ^\ ~ 0.8. From the relativistic approximation of the energy-momentum 
dispersion relation (||), the energy Ek of the k th massive neutrino is given by 
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From Eqs. fllil) and ( |i~5|) it is clear that the equal momentum and equal energy assumptions 
correspond, respectively, to the special cases £ = and £ = 1. However, it is important to 
remember that £ is determined by energy-momentum conservation in the production process 
and in general its value is different from or 1, as we have seen in the case of pion decay at 
rest. 

Let us consider now a Lorentz frame S' boosted by a velocity v along the neutrino 
propagation path. The energies and momenta of the massive neutrinos in the frame S' can 
be written as 

E> k ^E>+(l-?)^, p ' k ^E'-e^, (16) 



with E' given by Eq. @ and 
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In general different massive neutrinos have different energies and momenta also in the 
Lorentz frame 5", but it may be possible to find a frame in which the equal energy assumption 
corresponds to reality, 

e = i v = ^> ( 18 ) 

or another frame in which the equal momentum assumption corresponds to reality, 

r = o <=► v = jz-^ ( 19 ) 



Since |u| < 1, for a given process, which determines the value of £, only one of Eqs. (|T 
or (|19D can be satisfied. A frame in which the equal energy assumption corresponds to reality 
exists if £ > 1/2, whereas a frame in which the equal momentum assumption corresponds 
to reality exists if £ < 1/2. From Eq. fllTD one can see that, consistently, if £ > 1/2, also 
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£' > 1/2 in any frame and if £ < 1/2, also £' < 1/2 in any frame (£ = 1/2 implies £' = 1/2 
in any frame). 



It is remarkable that if there is a Lorentz frame in which the condition (|T8| ) is satisfied, 
in this frame all massive neutrinos have the same energy, whatever their number. Similarly, 
if there is a Lorentz frame in which the condition ([19]) is satisfied, in this frame all massive 
neutrinos have the same momentum. This is due to the first order relativistic approximations 
(|TJ]) and (O) and to the linearity of Lorentz transformations, that imply a similar expression 
for and in any frame (confront Eq. (|T6| ) with Eqs. ([14]) and fll5|)). 

In the case of pion decay at rest, we have seen that £ ~ 0.8. Therefore there is no frame 
in which the equal momentum assumption corresponds to reality, whereas for neutrinos 
produced in the forward direction in the decay of pions with velocity v ~ 0.25 and energy 
E' n ~ 145 MeV, the equal energy assumption corresponds to reality. 

The non-existence of a frame in which the equal momentum assumption corresponds to 
reality and the existence of a frame in which the equal energy assumption corresponds to 
reality is a property of all two body decay processes in which neutrinos are produced. Indeed 
in the general two body decay process 

A + ^a + + v a (a = e,//,r) (20) 

at rest, £ is given by 



«=h i+ 5H (2i) 

where tua and m a are, respectively, the masses of the decaying particle A and of the charged 
lepton a. All massive neutrinos have equal energy in the Lorentz frame where the initial 
particle A has velocity and energy given by 

_m A -m 2 a _ (m A - m a f 

E A -m A + — . (22) 
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In conclusion, we have shown that Lorentz invariance implies that in general flavor neutri- 
nos in oscillation experiments are superpositions of massive neutrinos with different momenta 
and energies. For each production process (unless £ = 1/2), there is either a Lorentz frame 
in which the different massive neutrinos have equal energy or a Lorentz frame in which they 
have equal momentum. In the case of neutrinos produced in two-body decays there is a 
Lorentz frame in which the different massive neutrinos have equal energy. However, let us 
emphasize that such a frame does not have any other attractive property and is not useful in 
the calculation of the flavor transition probability, because in general it does not correspond 
to the laboratory frame and depends on the energy of the decaying particle, that usually is 
not monochromatic. 
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